Rules for integrands involving inverse hyperbolic cosines

1. ju (a +bArcCosh[c+dx])"dx

1: J(a+bAr‘cCosh[c+dx])"dlx

Derivation: Integration by substitution
Rule:

1
J(a+bAr‘cCosh[c+dx])"d1x — —Subst[J(a+bArcCosh[x])"dlx, X, c+dx]
d

Program code:
Int[ (a_.+b_.*ArcCosh[c_+d_.*x_])”"n_.,x_Symbol] :=

1/d*Subst [Int[ (a+bxArcCosh[x])”n,x],X,c+dxx] /;
FreeQ[{a,b,c,d,n},x]

2: J(e+fx)'" (a+bArcCosh[c+dx])"dx

Derivation: Integration by substitution

Rule:

de-cf

1 fx\m
J(ewa)"‘ (a+bArcCosh[c+dx])"dx — ESubst[J[ + T] (a+bArcCosh[x])"dx, x, c+dx]

Program code:

Int[(e_.+f_.#x_)"m_.*(a_.+b_.*ArcCosh[c_+d_.*x_])"n_.,x_Symbol] :=
1/d+Subst[Int]( (d*e—C*f)/d+f*x/d) Amx (a+bxArcCosh[x]) ~n,x],x,c+dxx] /;
FreeQ[{a,b,c,d,e,f,m,n},x]



Rules for integrands involving inverse hyperbolic cosines

&‘J@+Bx+cf)pw+bAMGmhK+de"deMnB(1—8)+2Acd=0A2cC—Bd=0

Derivation: Integration by substitution

Basis: If B (1 - c? +2Acd::0/\2cC—Bd::0,thenA+Bx+Cx2::—dc—2+dc—2 (c+dx)?

Rule:1f B (1-c?) +2Acd=0 A 2cC-Bd = 0,then

C x?

1 C P
J(A+BX+CX2)p (a+bArcCosh[c+dx])"dx — —Subst[J\[——2 + —2] (a+bArcCosh[x])"dx, x, c+dx]
d d d

Program code:

Int[ (A_.+B_.*x_+C_.*x_"2)"p_.*(a_.+b_.*ArcCosh[c_+d_.*x_])”n_.,x_Symbol] :=
1/d*Subst[Int[ (-C/d*2+C/d"*2xx"2) *p* (a+bxArcCosh[x])"*n,x],X,c+d*x] /;
FreeQ[{a,b,c,d,A,B,C,n,p},x] & EQQ[B* (1-c”2) +2xAxc*d,0] && EqQ[2xcxC-Bxd,0]

4: J(e+fx)'" (A+Bx+Cx*)? (a+bArcCosh[c+dx])"dx whenB (1-c?) +2Acd=0 A 2cC-Bd==0

Derivation: Integration by substitution

Basis: If B (1 - c? +2Acd::0/\2cC—Bd::O,thenA+Bx+Cx2::—dc—2+dc—2 (c+dx)?

Rule:If B (1-c?) +2Acd=0 A 2cC-Bd = 0,then

+ — — +

. e 1 de-cf fx\"( C Cx?
(e+fx)" (A+Bx+Cx*)® (a+bArcCosh[c+dx])"dx — —Subst[ -
d d d d? d?

p
] (a +bArcCosh[x])"dx, x, c+dx]

Program code:

Int[(e_.+F_.#x_) m_.% (A_.+B_.*Xx_+C_.*X_"2)"p_.(a_.+b_.*ArcCosh[c_+d_.+x_])"n_.,x_Symbol] :=
1/d+Subst[Int[ ((d+e-c+f) /d+Ffxx/d) mx (-C/d*2+C/d 24X 2) “p* (a+bxArcCosh[x]) *n,x],x,c+dxx] /;
FreeQ[{a,b,c,d,e,f,A,B,C,m,n,p},x] & EqQ[B# (1-c"2)+2+Axcd,0] && EqQ[2+c*C-Bxd,0]



Rules for integrands involving inverse hyperbolic cosines

2. J(a +bArcCosh|c +dx2])"d1x when c2 == 1

1. J(a+bArcCosh[c+dx2])"dx when c2==1 A n>0

1. J\/a +bArcCosh[c+d xz] dx when c2? =1

1: J\/a + bAr‘cCosh[l + dxz] dx

Rule:

JVa +bArcCosh[1+d xz] dx —

2 \/a + b ArcCosh [1 +d xz] Sinh[%Ar‘cCosh[l +d xz] ]2

dx

1

dix\/F g (Cosh[:—b] —Sinh[za—b]) Sinh[%Ar‘cCosh[1+dx2]] Er‘-Fi[ \/a+bArcCosh[1+dx2] ] +

dix«/F g (Cosh[;—b] +Sinh[:—b]) Sinh[%Ar‘cCosh[1+dx2]] Er‘f[é \/a+bArcCosh[1+dx2] ]

Program code:

Int[Sqrt[a_.+b_.xArcCosh[1+d_.*x_"2]],x_Symbol] :=
2xSqrt[a+bxArcCosh[1+d*x”*2]]*Sinh[ (1/2) *ArcCosh[1+d*x"2] ]"2/(d*x) -
sqrt[b] *Sqrt [Pi/z] *(Cosh[a/ (2xb) 1-Sinh[a/ (2%b) ]) Sinh[ (1/2) *ArcCosh[1+dxx"2]]*
Erfi[ (1/Sqrt[2xb]) *Sqrt[a+bxArcCosh[1+dxx"2]] ]/(d*x) +
Sqrt[b] »Sqrt[Pi/2] » (Cosh[a/ (2xb) ] +Sinh[a/ (2xb) ]) #Sinh[ (1/2) *ArcCosh[1+dxx"2]]*
Erf[ (1/Sqrt[2xb]) *Sqrt[a+bxArcCosh[1+d%x"2] ] ]/(d*x) /3
FreeQ[{a,b,d},x]
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2: J\/a +bArcCosh[-1+d xz] dx

Rule:

J\/a +bArcCosh[-1+ dxz] dx —

2 \/a + bAr‘cCosh[—l + dxz] Cosh[%Ar‘cCosh[—l + dxz] ]2

dx

1

iﬁ E (Cosh[%] -Sinh[za—b]) Cosh[%ArcCosh[—1+dx2]] Er‘fi[ '\/a+bAr-cCosh[-1+dx2] ] -

dixw g (Cosh[:—b] +Sinh[;—b]) Cosh[%Ar‘cCosh[—1+dx2]] Erf[é \/a+bAr'cCosh[—1+dx2] ]

Program code:

Int[Sqrt[a_.+b_.xArcCosh[-1+d_.*x_"2]],x_Symbol] :=
2xSqrt[a+bxArcCosh[-1+d*x”2] ] *Cosh[ (1/2) xArcCosh[-1+d%*x"2]]"2/ (d*Xx) -
Sqrt [b] *Sqrt[Pi/2] » (Cosh[a/ (2xb) ]1-Sinh[a/ (2xb)]) *Cosh[ (1/2) *ArcCosh[-1+d*x"2]]*
Erfi[ (1/Sqrt[2xb]) *Sqrt[a+bxArcCosh[-1+d%x”"2]] ]/(d*x) -
Sqrt [b] »Sqrt[Pi/2] » (Cosh[a/ (2«b) ] +Sinh[a/ (2xb)]) *Cosh[ (1/2) xArcCosh[-1+d*x"2]]*
Erf[ (1/Sqrt[2xb]) *Sqrt[a+bxArcCosh[-1+d%x"2]] ]/(d*x) /5
FreeQ[{a,b,d},x]

2: J(a+bArcCosh[c+dx2])”dx when ¢2==1 A n>1

Derivation: Integration by parts and piecewise constant extraction both twice!

2bdnx (a+bArcCosh|c+d x?] )n’1

~1+c+d x? \/1+C+d x2

Basis: Oy (a + b ArcCosh [c +d xz] )” _

Basis: If c? == 1, then 6y V2 cdx+d?x* A

\/—1+C+dx2 \/1+C+dx2 o
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Basis: x2 —- 9 V2 cdx?+d? x4
’ V2cdx2+d? x4 x d? x

Rule:If 2 ==1 A n > 1,then

2 bArcCosh[c +dx?])"*
J‘(a+bAr‘cCosh[c+dx2])"dlx—> x(a+bArcCosh[c+dx2])"—2bdnJX (a+bArcCosh[c +dx’]) dx

V-o1:c+dx® Visc+dx®

dx

2bdnV2cdx®+d2x* J«xz (a+bAr‘cCosh[c+dx2])"'1
V2cdx?+d*x*

— x (a+bArcCosh[c+dx?*])" -

V-ol1+c+dx® Visc+dx?

2bn (2cdx®+d*x*) (a+bArcCosh[c+dx2])"'1

— x (a+bArcCosh[c+dx*])" - +4b*n (n-1) J(a+bAr-cCosh[c+dx2])"'2d1x

dxV-1+c+dx® Vi+c+dx®

Program code:

Int[ (a_.+b_.*ArcCosh[c_+d_.*x_"2])”n_,x_Symbol] :=
X* (a+bxArcCosh[c+d*x"2])”*n -
2xbxn* (2xcxd*xx"2+d*2xx"4) * (a+bxArcCosh[c+d*x”*2]) " (n-1) / (d*x*Sqrt[-1+c+d*x"2] *Sqrt[1+c+d*x"2]) +
4xb"2xnx (n-1) *Int [ (a+bxArcCosh[c+d*x”2])~(n-2),x] /;

FreeQ[{a,b,c,d},x] &% EqQ[c”2,1] && GtQ[n,1]
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2. J(a+bAr‘cCosh[c+dx2])"d1x when c2==1 A n<®

1
1. J dx when c?==1
a+ bAr‘cCosh[c +d xz]

1
1: J dx
a+ bAr‘cCosh[l + dx2]

Rule:

1
dx —
a+ bArcCosh[l +d xz]

X Cosh[i] CoshIntegral | ﬁ (a+bArcCosh[1+dx?])] xSinh[ :—b] SinhIntegral| Zl_b (a+bArcCosh[1+dx?])]

V2 bVdx2 V2 bVdx?

Program code:

Int[1/ (a_.+b_.*ArcCosh[1+d_.*x_"2]) ,x_Symbol] :=
xxCosh[a/ (2xb) ] xCoshIntegral[ (a+bxArcCosh[1+d*x"2]) / (2xb) 1/ (Sqrt[2] xbxSqrt[d*x*2]) -
x*Sinh[a/ (2xb) ] *SinhIntegral[ (a+bxArcCosh[1+d*x"2]) / (2xb) ]/(Sqrt [2] *b*xSqrt [d*x"2]) /;
FreeQ[{a,b,d},x]



Rules for integrands involving inverse hyperbolic cosines

1
2: j
a+ bAr‘cCosh[—l +d xz]

Rule:

1
dx —
a+ bAr‘cCosh[—l +d xz]

X Sinh[:—b] CoshIntegral i (a+bArcCosh[-1+dx?*])] xCosh[ zlb] SinhIntegr‘al[zl—b (a+bArcCosh[-1+dx?])]
+

V2 bVdx? V2 bVdx?

Program code:

Int[1/ (a_.+b_.*ArcCosh[-1+d_.*x_"2]),x_Symbol] :=
-x*Sinh[a/ (2xb) ] *CoshIntegral[ (a+bxArcCosh[-1+d%x"2])/ (2«b) ]/ (Sqrt[2] *xb*xSqrt[d*x"2]) +
xxCosh[a/ (2xb) ] *SinhIntegral[ (a+bxArcCosh[-1+dxx”"2]) / (2xb) ]/(Sqr't [2] *bxSqrt [dxx”*2]) /;
FreeQ[{a,b,d},x]
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dx when c? =

1
2. J
\/a + bArcCosh[c + dxz]

X

1
1: J d
\/a +bArcCosh[1 +dx?]

Rule:

X —

1
d
\J‘\/a+bArcCosh[1+dx2]
! \/? (Cosh[;—b] —Sinh[:—b]) Sinh[%Ar‘cCosh[1+dx2]] Er‘-Fi[ :b \/a+bAr‘cCosh[1+dx2] ] +

'\/Fdx
\/Fldx\/? (Cosh[:—b] +Sinh[:—b]) Sinh[%Ar‘cCosh[1+dx2]] Er‘f[% \/a+bAr‘cCosh[1+dx2] ]

Program code:

Int[1/Sqrt[a_.+b_.xArcCosh[1+d_.xx_"2]],x_Symbol] :=
Sqgrt [Pi/z] * (Cosh [a/ (2xb) ]-Sinh[a/ (2xb) ] ) *Sinh [ArcCosh[1+dxx"2] /2] *Erfi[Sqrt[a+bxArcCosh[1+d%xx"2]]/Sqrt[2xb] ]/(Sqrt [b] *dxx) +
Sqrt[Pi/2]« (Cosh[a/ (2b) ] +Sinh[a/ (2xb)]) *Sinh[ArcCosh[1+dxx"2] /2] xErf [Sqrt[a+bxArcCosh[1+dxx"2]]/Sqrt[2+b]]/(Sqrt[b]«d«x) /;
FreeQ[{a,b,d},x]

X

1
2: J il
\/a + bAr‘cCosh[—l + dxz]

Rule:

X —

J a+ 2
d
’\/ bAI"CCOSh[ 1+dx ]

. \/? (Cosh[:—b] —Sinh[za—b]) Cosh[%ArcCosh[—1+dx2]] Erfi[v:_b '\/a+bAr'cCosh[—1+dx2] ] -

\/?dx
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1

\/Fdx

\/? (Cosh[:—b] +Sinh[za—b]) Cosh[%Ar‘cCosh[—1+dx2]] Erf[é \/a+bArcCosh[—1+dx2] ]

Program code:

Int[1/Sqrt[a_.+b_.*ArcCosh[-1+d_.*x_"2]],x_Symbol] :=
Sqrt[Pi/2]« (Cosh[a/ (2+b) ]-Sinh[a/ (2xb) ] ) xCosh [ArcCosh[-1+dx"2] /2] xErfi[Sqrt[a+bxArcCosh[-1+d+x"2]]/Sqrt[2xb]]/(Sqrt[b]+d+x) -
Sqrt[Pi/2]+ (Cosh[a/ (2+b) ] +Sinh[a/ (2xb) ]) *Cosh[ArcCosh[-1+dxx"2] /2] +Erf [Sqrt [a+bxArcCosh[-1+dxx"2]]/Sqrt[2xb]1/(Sqrt[b] xd+x) /;
FreeQ[{a,b,d},x]
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3. J-(a+bArcCosh[c+dx2])"dlx when ¢2=1 A n<-1

1 J ! dx when c?==1
. X Wi C® ==
(a+bArcCosh[c +dx?])*?

1 ! d
: X
J(a + bArcCosh[l + dxz])s/2

Derivation: Integration by parts

Basis: - pix = O :
Vdx® \2+dx? (a+bArcCosh[1+dx?] )3/2 +/ a+b ArcCosh [1+d x?]
Rule:
1 Vdx? V2+dx? d x2
3/2 ax — - + - dx
2
(a+bArcCosh[1+dx?]) bdX\/a+bAr‘cCosh[1+dx2] o me/a+bArcCosh[1+dx2]
Vdx? V2+dx?
—_ - +

bdx~/a+bArcCosh[1+dx?]

: \/? (Cosh[:—b] —Sinh[i]) Sinh[iAr‘cCosh[1+dx2]] Erfi[\/i_b \/a+bAr'cCosh[1+dx2] ] -

b3/2dx 2b
b3/:dx\/? (Cosh[za—b] +Sinh[:—b]) Sinh[%Ar‘cCosh[1+dx2]] Erf[é \/a+ b ArcCosh[1 +d x?] ]

Program code:

Int[1/ (a_.+b_.*ArcCosh[1+d_.*x_"2])"(3/2),x_Symbol] :=
-Sqrt [dxx*2] *Sqrt[2+d*x"2] / (bxdxx*xSqrt[a+bxArcCosh[1+d*x*2]]) +
Sqrt [Pi/z] * (Cosh [a/ (2xb) ]-Sinh[a/ (2xb) ] ) *Sinh[ArcCosh[1+d%x”"2] /2] *Erfi[Sqrt[a+bxArcCosh[1+d*x"2]]/Sqrt[2xb] ]/(b" (3/2) *d*x) -
Sqrt [P:i./z] * (Cosh [a/ (2xb) 1+Sinh[a/ (2xb) ] ) *Sinh [ArcCosh[1+dxx”2] /2] *Erf[Sqrt[a+bxArcCosh[1+d%xx"2]]/Sqrt[2xb] ]/(b" (3/2) xd*x) /;
FreeQ[{a,b,d},x]
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2 ! d
: X
J(a + bArcCosh[-l + dxz])B/2

Derivation: Integration by parts

Basis: - b = Oy -
Vdx? A/ -2+dx* (a+bArcCosh[-1+d x2:|)3/2 \/a+bAr'cCosh[—1+d x?]
Rule:
1 Vdx? V-2+dx? d x2
3/2 ax — - b ax
2
(a+bArcCosh[-1+dx?]) bdx~/a+bArcCosh[-1+dx?] bJ Vax Vo2vdx Afax b ArcCosh[-1 + d x?]
Vdx? V-2+dx?
— - +

bdx~/a+bArcCosh[-1+dx?]

2 \/? (Cosh[:—b] -Sinh[;—b]) Cosh[%Ar‘cCosh[—1+dx2]] Erfi[\/i_b '\/a+bAr'cCosh[-1+dx2] ] +

b3/2dx
b3/:-dx\/? (Cosh[:—b] +Sinh[;—b]) COSh[%Ar‘CCOSh[-1+de]] Er-f[é \/a+bArcCosh[_1+dxz] ]

Program code:

Int[1/ (a_.+b_.*ArcCosh[-1+d_.*x_"2])”"(3/2),x_Symbol] :=
-Sqrt [dxx*2] *Sqrt[-2+d*x”2] / (bxd*xx*Sqrt [a+bxArcCosh[-1+d*x"2]]) +
Sqrt [Pi/z] * (Cosh [a/ (2xb) ]-Sinh[a/ (2xb) ] ) *Cosh[ArcCosh[-1+d%*x”~2] /2] xErfi[Sqrt[a+bxArcCosh[-1+d*x"2]]/Sqrt[2xb] ]/(b" (3/2) *d*x) +
Sqrt [P:i./z] * (Cosh [a/ (2xb) 1+Sinh[a/ (2xb) ] ) *Cosh [ArcCosh[-1+dxx”*2] /2] *Erf[Sqrt[a+bxArcCosh[-1+d%xx~2]]/Sqrt[2xb] ]/(b"(3/2) *dxXx) /;
FreeQ[{a,b,d},x]

2. J ! dx when c2==1
(a+ bArcCosh[c +d xz])2

1: J ! dx
(a+bArcCosh[1+dx?])?

Rule:
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J- ! dx —
(a + bAr‘cCosh[l +d xz])2

) VdxZ V2+dx2 ) x Sinh[ =] CoshIntegr‘al[zl—b (a+bArcCosh[1+dx?])] . x Cosh[ -] SinhIntegral[i (a+bArcCosh[1+dx?])]
2bdx (a+bArcCosh[1+dx?]) 2vV2 b2Vdx® 2v2 b2 Vdx2

Program code:

Int[1/ (a_.+b_.*ArcCosh[1+d_.*x_"2])"2,x_Symbol] :=
-Sqrt [d*x”*2] *Sqrt[2+d*x"2] / (2xbxd*x* (a+bxArcCosh[1+d*x"2])) -
x*Sinh[a/ (2xb) ] *CoshIntegral[ (a+bxArcCosh[1+d*x"2]) / (2xb) 1/ (2+Sqrt[2] *b”2xSqrt[d*x"2]) +
xxCosh[a/ (2xb) ] *SinhIntegral[ (a+bxArcCosh[1+dxx"2]) / (2xb) ]/(Z*Sqrt [2] *b~2xSqrt [dxx"2]) /;
FreeQ[{a,b,d},x]

2: j = dx
(a+ bAr‘cCosh[—l +d xz] )2

Rule:
1
J dx —
(a+bArcCosh[-1+dx2])?
) Va2 V-2+d2 . x Cosh [ -] CoshIntegr‘al[;—b (a+bArcCosh[-1+dx?])] ) x Sinh|[ -] SinhIntegral[i (a+bArcCosh[-1+dx?])]
2bdx (a+bArcCosh[-1+dx?]) 2vV2 b2 Vdx® 2vV2 2 Vd 2

Program code:

Int[1/ (a_.+b_.*ArcCosh[-1+d_.*x_"2])"2,x_Symbol] :=
-Sqrt [dxx*2] *Sqrt[-2+d*x"2] / (2xb*xd*x* (a+bxArcCosh[-1+d*x"2])) +
xxCosh[a/ (2xb) ] *CoshIntegral[ (a+bxArcCosh[-1+d*xx"2])/ (2xb) ]/ (2xSqrt[2] xb*2xSqrt[dxx"2]) -
x*Sinh[a/ (2xb) ] *SinhIntegral[ (a+bxArcCosh[-1+d*x"2]) / (2xb) ]/(2*Sqrt [2] *b”2xSqrt [d*xx"2]) /;
FreeQ[{a,b,d},x]

12
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3: j(a+bArcCosh[c+dx2])"dx when c2==1 An<-1An¢-2

Derivation: Inverted integration by parts and piecewise constant extraction both twice!
Rule:If c2==1 A n< -1 A n# -2,then

J(a +bArcCosh[c + dxz])" dx —

X (a+bAr‘cCosh[c+dx2])n+2 . (2cx?+dx*) (a+bAr‘cCosh[c+dx2])n+1 . 1 J.(a+bAr‘cCosh[c+de])"+2 ix

4b% (n+1) (n+2) 2b(n+1) xVolrcrdx Viscrdd 40P (n+1) (n+2)

Program code:

Int[ (a_.+b_.*ArcCosh[c_+d_.*x_”"2])”“n_,x_Symbol] :=
-x* (a+bxArcCosh[c+d*x*2] )~ (n+2) / (4xb"2% (n+1) x (n+2)) +
(2xc*x"2 +d*x"4) x (a+bxArcCosh[c+d*x*2])”~ (n+1) / (2xb* (n+1) *x*Sqrt[-1+c+d*x*2] *Sqrt[1+c+d*x*2]) +
1/ (4xb"2% (n+1) * (n+2) ) *Int[ (a+bxArcCosh[c+d*x"2]) " (n+2),x] /;

FreeQ[{a,b,c,d},x] &% EqQ[c”2,1] && LtQ[n,-1] && NeQ[n,-2]

13
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dx when nez*

. J\Ar‘cCosh [a xp] n

X

Derivation: Integration by substitution
Basis: Arccoshaxtit .. % Subst [x" Tanh[x], X, ArcCosh[a xP]] AxArcCosh[a xP]
Rule: If n € Z*, then

ArcCosh[axP]" 1
f— dx — - Subst[jx" Tanh[x] dx, x, ArcCosh|[a xp]]
x p

Program code:

Int[ArcCosh[a_.*x_"p_]”n_./x_,x_Symbol] :=
1/p*Subst [Int [x*nxTanh[x],x],X,ArcCosh[axx*p]] /;
FreeQ[{a,p},x] && IGtQ[n,0]

14



Rules for integrands involving inverse hyperbolic cosines

C m
4: Ju Ar-cCosh[ ] dx
a+bx"

Derivation: Algebraic simplification
Basis: ArcCosh[z] = ArcSech| ﬂ

Rule:

C m a bx"qm
ju ArcCosh[ ] dx — fu Ar‘cSech[— + ] dx
a+bx" C [

Program code:

Int[u_.xArcCosh[c_./(a_.+b_.*x_"n_.)]”m_.,x_Symbol] :=
Int[uxArcSech[a/c+bxx*n/c]”m,x] /;
FreeQ[{a,b,c,n,m},x]

dx

J‘ArcCosh[V 1+bx? ]n
5:
V1+bx?

Derivation: Piecewise constant extraction and integration by substitution

Basis: Oy \/—1+\/ 1+b x? X\/1+\/ 1+b x? -9

. xAr‘cCosh{\/m}n 1 .
| \/*1+m \/1+\/1+b x2 +/1+bx? b a mm, X \/+7X X\/+7X

Rule:

Ar‘cCosh[\/1+bx2]n \/—1+“/1+bx2 '\/1+4/1+sz J* xAr'cCosh|:\/1+bx2]n
dx —
X
Vitbx® V-1+Visbe V1+Vieb@ VIebe

dx

15



Rules for integrands involving inverse hyperbolic cosines

1+V1+b 1 Viibx? ArcCosh n
— \/ - +bx! \/ - +bx! Subst [J [X] dx, X, ’\/ 1+bx? ]
bx V-1+x V1

Program code:

Int[ArcCosh[Sqrt[1+b_.#x_”"2]]1”n_./Sqrt[1+b_.%x_"2],x_Symbol] :=
Sqrt[-1+Sqrt[1+bxx*2]]*Sqrt[1+Sqrt[1+bxx"2]]/ (b*x) xSubst [Int [ArcCosh[x]”*n/ (Sqrt[-1+Xx]*Sqrt[1+Xx]) ,Xx],X,Sqrt[1+bxx"2]] /;
FreeQ[{b,n},x]

6. ju fCArcCosh[a+bx]” 9y when n e z*

1: chArccosh[a+bx]" dx when nez*

Derivation: Integration by substitution
Basis: F[ArcCosh[a + b Xx]] == % Subst[F[x] Sinh[x], X, ArcCosh[a + b x]] dxArcCosh[a + b Xx]

Rule: If n € Z*, then

c ArcCosh[a+b x]" 1 cx" oz
j-F dx — — Subst [J-F Sinh[x] dx, x, ArcCosh[a +b x]]
b

Program code:

Int [-F_" (c_.*ArcCosh[a_.+b_.*x_]”n_.) ,x_Symbol] =
1/b*Subst[Int [~ (cxx”n) «Sinh[x],x],X,ArcCosh[a+bx]] /;
FreeQ[{a,b,c,f},x] && IGtQ[n,0]
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Rules for integrands involving inverse hyperbolic cosines

2: | x™ fehrcCoshiarbx)” gy \when (m | n) e z*

Derivation: Integration by substitution

Basis: F [x, ArcCosh[a +bx]] ==

L Subst|F|[-2+ XL x| Sinh[x], x, ArcCosh[a+bx] | 6xArcCosh[a+bx]

Rule:If (m | n) € z*,then

Jxm _FcArcCosh[a+bx]" dx — iSUbSt[J(— Cosh[x]

a
-+
b b

m
J %" sinh[x] dx, x, ArcCosh[a + bx]]

Program code:

Int[x_"m_.»f_~(c_.*ArcCosh[a_.+b_.*x_]"n_.),x_Symbol] :=
1/b*Subst[Int[ (-a/b+Cosh[x]/b) *mxf~ (cxx*n) xSinh[x],x],Xx,ArcCosh[a+bxx]] /;
FreeQ[{a,b,c,f},x] && IGtQ[m,0] && IGtQ[n,0]
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Rules for integrands involving inverse hyperbolic cosines

7. fv (a + bArcCosh[u]) dx when uis free of inverse functions

1: | ArcCosh[u] dx when uis free of inverse functions

Derivation: Integration by parts

Basis: 6x ArcCosh [f[x]] = \/_1+f?xx]ﬂyl+ﬂm

Rule: If u is free of inverse functions, then

JﬁrcCosh[u]dx — X ArcCosh[u] -

Program code:

Int[ArcCosh[u_],x_Symbol] :=

x*ArcCosh[u] -

Int[simplifyIntegrand[x+D[u,x]/ (Sqrt[-1+ul+Sqrt[1+u]),x1,x]| /;
InverseFunctionFreeQ[u,x] && Not [FunctionOfExponentialQ[u,x]]

X Oy U

—d
V-1+u V1+u

X
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Rules for integrands involving inverse hyperbolic cosines

2: J(c +dx)™ (a+bArcCosh[u]) dx when m# -1 A uis free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: Ox ArcCosh [f [x] ] == \/—1+'F[@>:]ﬂi(/]1+ﬂx]

Rule:If m + -1 Auis free of inverse functions, then

N (c+dx)™! (a+bArcCosh[u]) b (c+dx)™la,u
J(c+dx) (a + bArcCosh[u]) dx — - f dx

d (m+1) d (m+1) 1+u 1+u

Program code:

Int[(c_.+d_.*x_)"m_.=*(a_.+b_.xArcCosh[u_]),x_Symbol] :=
(c+dxx)~ (m+1) * (a+bxArcCosh[u]) / (d* (m+1)) -
b/ (dx (m+1)) *Int [Simpli-FyIntegrand[ (c+dxx)~ (m+1) *D[u,x]/ (Sqrt[-1+u] *Sqrt[1+u]) ,Xx] ,x] /3
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1] & InverseFunctionFreeQ[u,x] & Not[FunctionOfQ[ (c+d+x)~(m+1),u,x]] & Not[FunctionOfExponentialQ[u,x] ]
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Rules for integrands involving inverse hyperbolic cosines

3: |v (a+bArcCosh[u]) dx when uand J-v dx are free of inverse functions

Derivation: Integration by parts and piecewise constant extraction

Basis: Ox ArcCosh [f [x] ] == \/—1+'F[@>:]ﬂyl+ﬂx]

Rule: If uis free of inverse functions, let w == Jv dx, if wis free of inverse functions, then

WO, u

—d
V-1+u V1+u

Jv (a + bArcCosh[u]) dx — w (a+bArcCosh[u]) —bj X

Program code:

Int[v_=(a_.+b_.xArcCosh[u_]),x_Symbol] :=
With[{w=IntHide[v,x]},
Dist[ (a+bxArcCosh[u]),w,x] - bxInt [S:i.mpl:i.fyIntegrand [wxD[u,x]/ (Sqrt[-1+u] *Sqrt[1+u]),x] ,x] /5
InverseFunctionFreeQ[w,X] ] /5
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,x] && Not[MatchQ[v, (c_.+d_.*x)"m_. /; FreeQ[{c,d,m},x]]]
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Rules for integrands involving inverse hyperbolic cosines

8 ju enAr‘cCosh[P,(] dx

1:J}"”““”“]dxmmennez

Derivation: Algebraic simplification

n

Basis: e"Arccoshiz] . (7 4 \/-1+2z /1+z

n
-1+z -1+z
t A 5 424 5
z 1+z z 1+z )

Basis: Ifn € 7, e"ArcCoshiz]

Rule: If n € Z, then

n
J‘e"“"c“h“’*] dx — j(Px+w/—1+Px w/1+Px) dx

Program code:

Int[E~(n_.+*ArcCosh[u_]), x_Symbol] :=
Int[ (u+Sqrt[-1+u]*Sqrt[1+u])”n,x] /;
IntegerQ[n] && PolyQ[u,Xx]



Rules for integrands involving inverse hyperbolic cosines

2: | x™e"ArcCoshIPxl gy when nez

Derivation: Algebraic simplification

z++-1+z \/1+Z)n

Basis: e" ArcCosh[z] __

Rule: If n € z,then

n
Jx’" @"ArcCoshiPxl gy Jx’" (Px +4/-1+Py A/1+P, ) dx

Program code:

Int[x_"m_.*E~(n_.*ArcCosh[u_]), x_Symbol] :=
Int [x*m* (u+Sqrt[-1+u] *Sqrt[1+u]) n,x] /;
RationalQ[m] && IntegerQ[n] && PolyQ[u,Xx]
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